In this work, we study the higher order Kirchhoff type Choquard equation (KC) involving a critical exponential non-linearity and singular weights. We prove the existence of solution to (KC) using Mountain pass Lemma in light of Moser-Trudinger and singular Adams-Moser inequalities. In the second part of the paper, using the Nehari manifold technique and minimization over its suitable subsets, we prove the existence of at least two solutions to the Kirchhoff type Choquard equation (P λ,M ) involving convex-concave type non-linearity. t 0 M (s) ds is the primitive of the function M vanishing at 0.
Introduction
The main objective of this paper is to prove the existence of non-trivial weak solution of the following Kirchhoff type Choquard equation with exponential non-linearity and singular weights:
in Ω, u = ∇u = · · · = ∇ m−1 u = 0 on ∂Ω,
where m ∈ N, n = 2m, µ ∈ (0, n), 0 < α < min{ n 2 , n − µ}, Ω is a bounded domain in R n with smooth boundary, M : R + → R + and f : Ω × R → R are continuous functions satisfying suitable assumptions specified in details later. The function F denotes the primitive of f with respect to the second variable. We also study the existence of weak solutions of a Kirchhoff type Choquard equation with convex-concave sign changing non-linearity:
where f (u) = u|u| p exp(|u| γ ), 0 < q < 1, 2 < p, γ ∈ (1, 2) and F (t) = t 0 f (s) ds. In this case, we assume M (t) = at + b where a, b > 0 and h ∈ L r (Ω) where r = p+2 q+1 is such that h + ≡ 0. The boundary value problems involving Kirchhoff term appear in various physical and biological systems. In 1883, Kirchhoff observed these kinds of non-local phenomena in the study of string or membrane vibrations to describe the transversal oscillations, by considering the effect of changes in the length of the string. In the case of Laplacian operator, problems having Kirchhoff term arise from the theory of thin plates and describe the deflection of the middle surface of a p-power like elastic isotropic flat plate of uniform thickness. Precisely, M ( u p ) represents the non-local flexural rigidity of the plate depending continuously on u p of the defection u in the presence of non-linear source forces. where Ω ⊂ R 3 is a bounded domain with smooth boundary and f has sub-critical growth at ∞. Using the Mountain-pass Lemma and the compactness analysis of local Palais-Smale sequences, authors showed the existence of solutions for large λ. Corrëa and Figueiredo [8] studied the existence of positive solutions for Kirchhoff equations involving p-laplacian operator with critical or super critical Sobolev type non-linearity. Later on, Figueiredo [11] and Goyal et al. [14] studied the Kirchhoff problem with critical exponential growth non-linearity. Recently in [5] , authors have studied the Kirchhoff equation with exponential non-linearity of Choquard type and established the existence and multiplicity of solutions.
Problems involving polyharmonic operators and polynomial type critical growth non-linearities have been broadly studied by many authors till now, see [12, 13, 16, 22] for instance. In [22] , Pucci and Serrin have considered the following critical growth problem in an open ball of R n : (−∆) K u = λu + |u| s−1 u in B, u = Du = · · · = D K−1 u = 0 on ∂B, where K − 1 ∈ N, s = n+2K n−2K , n > 2K. They showed the existence of nontrivial radial solutions to the above problem in a suitable range of λ. In [12] , Gazzola studied the existence result for the same critical exponent polyharmonic problem as above while considering a lower order perturbation term having a subcritical growth at infinity instead of 'λu'. We cite [15, 17, 18, 26] and references therein for existence results on polyharmonic equations with exponential type non-linearity. The multiplicity of solutions for elliptic partial differential equations involving polynomial type non-linearity and sign-changing weight functions has been extensively studied in [4, 7, 10, 24, 25] ) using the Nehari manifold technique. In [9] , authors studied the existence of multiple positive solutions of Kirchhoff type problems with convex-concave type polynomial non-linearities having sub-critical growth using fibering map analysis and the Nehari manifold method.
At this point, we remark that the study of polyharmonic Kirchhoff problems involving the exponential type Choquard non-linearity with singular weights was completely open until now. So our article establishes new results for such problems. We point out that the analysis we use here is completely new for this class of problems with critical growth. The salient feature of our problem (KC) is its doubly-non-local structure due to the presence of non-local Kirchhoff as well as Choquard term which makes the equation (KC) no longer a pointwise identity. The doubly non-local nature induces additional mathematical difficulties in the use of classical methods of non-linear analysis. Additionally, we explore the existence and multiplicity results for these kind of problems in the presence of singular weights. The vectorial polyharmonic operator ∆ m n m is defined by induction as
In our case, n m = 2, the symbol ∇ m u denotes the m th -order gradient of u and is defined as
where ∆ and ∇ denotes the usual Laplacian and gradient operator respectively and also ∇ m u.∇ m v denotes the product of two vectors when m is odd and product of two scalars when m is even.
The study of elliptic equations with critical exponential type non-linearity in higher dimensions is motivated by the following Adams-Moser inequality [1] and singular Adams-Moser inequality [19] . We denote
where ω n−1 = (n − 1)-dimensional surface area of S n−1 . We use the framework of Hilbert space W m,2 0 (Ω) (or H m 0 (Ω)) equipped with the natural Banach norm u def = Ω |∇ m u| 2 dx 1 2 associated to the inner product
Then, we have the following important theorems. Adams, 1988) Let Ω be a smooth bounded domain in R n and m is a positive integer satisfying m < n. Then for all 0 ≤ ζ ≤ ζ m,n we have
where ζ m,n is sharp. 
for all 0 ≤ κ ≤ κ m,n = 1 − α n ζ m,n , where κ m,n is sharp.
We recall that the embedding
is compact for all β ∈ [1, n n−m ) and continuous for β = n n−m . In our case n n−m = 2. Now we state the doubly-weighted Hardy-Littlewood-Sobolev inequality proved in [23] .
where t ′ and r ′ denotes the Hölder conjugate of t and r respectively. Then there exists a constant C(α, β, t, n, µ, r) > 0 which is independent of f, h such that
Throughout the next sections, we assume the following conditions on M and f . The function M : R + → R + is a continuous function satisfying the following conditions:
is non-increasing for t > 0.
Using (m3), one can easily deduce that the function
t is non-negative and non-decreasing for t ≥ 0 and θ ≥ 4.
Example 1 An example of a function satisfying (m1), (m2) and (m3) is
The function f : Ω × R → R which governs the Choquard term is given by f (x, t) =
h(x, t) exp(t 2 ), where h ∈ C(Ω × R) satisfies the following growth conditions:
(h1) h(x, t) = 0 for all t ≤ 0 and h(x, t) > 0 for t > 0. The condition (h3) implies that f (x,t) t is increasing in t > 0 and lim
Furthermore, using (h1) − (h3) we obtain that for any ǫ > 0, r > β 0 + 1 where 0 ≤ β 0 < ℓ , there exist constants C 1 , C 2 > 0 (depending upon ǫ, n, m) such that for each
For any u ∈ W m,2 0 (Ω), by virtue of Sobolev embedding we get that u ∈ L q (Ω) for all q ∈ [1, ∞). This also implies that F (x, u) ∈ L q (Ω) for any q ≥ 1. The problem (KC) has a variational structure and the energy functional J : W m,2 0 (Ω) → R associated to (KC) is given by
The notion of weak solution for (KC) is given as follows.
In section 2, we establish the following main result concerning the problem (KC). Then the problem (KC) admits a non-trivial weak solution.
In section 3, we consider the problem (P λ,M ). The energy functional J λ,M : W m,2 0 (Ω) → R associated to the problem (P λ,M ) is defined as
where F and M are primitive of f and M respectively vanishing at 0 and f (s) = s|s| p exp(|s| γ ). Definition 1.6 A function u ∈ W m,2 0 (Ω) is said to be a weak solution of (P λ,M ) if for all φ ∈ W m,2 0 (Ω), it satisfies
We prove the following theorem concerning (P λ,M ). Theorem 1.7 There exists a λ 0 > 0 such that for γ ∈ (1, 2) and λ ∈ (0, λ 0 ), (P λ,M ) admits atleast two solutions.
Turning to the layout of the paper: In section 2, we prove the existence result (Theorem 1.5) for the problem (KC) and in section 3, we prove the existence and multiplicity result (Theorem 1.7) for the problem (P λ,M ).
Existence result for (KC)
In this section, we establish the existence of a nontrivial weak solution for the problem (KC). To prove this we study the mountain pass geometry of the energy functional J and using the properties of the non-local term M and the exponential growth of f , we prove that every Palais Smale sequence is bounded. To study the compactness of Palais Smale sequences for J , we obtain a bound for the mountain pass critical level with the help of Adams functions and establish the convergence of weighted Choquard term for Palais-Smale sequences.
Mountain pass geometry
In the following result, we show that the energy functional J possesses the mountain pass geometry around 0 in the light of Adams-Moser and doubly weighted Hardy-Littlewood-Sobolev inequality.
Lemma 2.1 Under the assumptions (m1), (m2) and (h1)-(h3) the following assertions hold:
Proof. Using Proposition 1.3 with t = r and β = α and (1.3), we obtain that for any ǫ > 0 and u ∈ W m,2 0 (Ω), there exist constants C i > 0 depending upon ǫ such that
For small ǫ > 0 and u such that
So we choose u = R 0 small enough so that J (u) ≥ η for some η > 0 (depending on R 0 ) and hence (i) follows. Furthermore (m2) implies that
Under the assumption (h3), there exists
Ω Ω 1 |y| α |x| α |x − y| µ dxdy.
Then using above estimates in (1.4) for k = −1, we obtain
where c ′ i s are positive constants for i = 3, . . . , 6. Now by choosing t large enough, we obtain that there exists a v ∈ W m,2
Then from (1.4) and (1.5), we obtain
Using assumption (h3), we get that there exists a θ > 2 such that θF (x, t) ≤ tf (x, t) for any
(2.5)
for some C > 0. Therefore (2.5) and (2.6) gives us the desired result.
Mountain pass critical level
To obtain bound for the mountain pass critical level in this section, we use Adams functions to construct a sequence of test functions. Let B denotes the unit ball and B l is the ball with center 0 and radius l in R n . Without loss of generality, we can assume that B l ⊂ Ω, then from [17, Lemma 5, p. 895], we have the following result-For l ∈ (0, 1), there exists
such that
. Then the Adams functionÃ r is defined as
where 0 < r < R, U l= r R is as in (2.7) and Ã r ≤ 1. Let σ > 0 (to be chosen later),x = 0, R = σ and r = σ k for k ∈ N, then we define
We define the mountain pass critical level as
(Ω)) : ϑ(0) = 0, J (ϑ(1)) < 0}. Now we analyze the first critical level and study the convergence of Palais-Smale sequence below this level.
We establish the above claim by contradiction. Suppose this is not true, then for all k ∈ N there exists a t k > 0 such that
and d dt (J (tA k ))| t=t k = 0.
(2.10)
From Lemma 2.1 and (2.10), we obtain {t k } must be a bounded sequence in R and
Then monotonicity of M implies that
Consequently, by using (2.10) and choosing σ, k such that B σ/k ⊂ Ω, we obtain
(2.13)
For a positive constant C µ,n depending on µ and n, we obtain (see equation
. From (1.6), we know that for each ρ > 0 there exists a s ρ > 0 such that
Using this in (2.13), we obtain, for some C > 0
Now from (2.12), it follows that taking k large enough, we arrive at a contradiction. This completes the proof of the result.
(Ω) such that up to a subsequence u k ⇀ u 0 weakly in W m,2 0 (Ω), strongly in L q (Ω) for all q ∈ [1, ∞) and pointwise a.e. in Ω as k → ∞. Let Ω ′ ⊂⊂ Ω and ϕ ∈ C ∞ c (Ω) such that 0 ≤ ϕ ≤ 1 and ϕ ≡ 1 in Ω ′ then by taking ϕ as a test function in (2.2), we get the following estimate
Since u k satisfies (2.2), for any measurable set E ⊂ Ω and φ ∈ C ∞ c (Ω) such that supp φ ⊂ E we get that
where we used (m2) in the last inequality and weak convergence of u k to u in W m,2 0 (Ω). This implies that w is absolutely continuous with respect to the Lebesgue measure. Thus, Radon-Nikodym theorem establishes that there exists a function g ∈ L 1 loc (Ω) such that for
which completes the proof. (Ω) such that, up to a subsequence, u k ⇀ u weakly in W m,2 0 (Ω) and
as k → ∞.
Proof. Let {u k } ⊂ W m,2 0 (Ω) be a Palais Smale sequence of J at level c then from Lemma 2.2 we know that {u k } must be bounded in W m,2 0 (Ω). Thus there exists a u ∈ W m,2 0 (Ω) such that u k ⇀ u weakly in W m,2 0 (Ω), u k → u pointwise a.e. in Ω and u k → u strongly in L q (Ω), for each q ∈ [1, ∞) as k → ∞. Also from (2.2), (2.3) and (2.4) we get that there exists a constant C > 0 such that
Using the semigroup property of the Riesz potential we can write
. (2.16)
Therefore, by using (2.16) and (2.17) we obtain,
where we used (2.15) to get the last inequality. Now the proof of (2.14) follows similarly as the proof of equation (3.19) of Lemma 3.4 in [5] ). Now we define the associated Nehari manifold as
and l * * = inf u∈N J (u).
Lemma 2.6 If (m3) and (h3) holds then l * ≤ l * * .
Proof. For u ∈ N , we define a map h : (0, +∞) → R such that h(t) = J (tu). Then
and since u ∈ N , therefore
From (h3), we get
for 0 < t 1 < t 2 . Using this we get that tf (x, t) − 2F (x, t) ≥ 0 for t ≥ 0 and for any x ∈ Ω,
is nondecreasing for t > 0. Therefore for 0 < t < 1 and x ∈ Ω, we get F (x,tu)
This gives that h ′ (t) ≥ 0 for 0 < t ≤ 1 and similarly we can show that h ′ (t) < 0 for t > 1.
Hence J (u) = max t≥0 J (tu). Now we define g : [0, 1] → W m,2 0 (Ω) as g(t) = (t 0 u)t where t 0 > 1 is such that J (t 0 u) < 0. So g ∈ Γ, where Γ is as defined in the definition of l * . Therefore,
J (g(t)) ≤ max t≥0 J (tu) = J (u). and since u ∈ N is arbitrary, so we get l * ≤ l * * . Now we recall the following higher integrability Lemma from [20] ( also refer Lemma 1 of [17] ). Lemma 2.7 Let {v k } be a sequence in W m,2 0 (Ω) such that v k = 1 converging weakly to a non zero v ∈ W m,2 0 (Ω). Then for every p < 1
Proof of Theorem 1.5: Let {u k } be a (P S) l * sequence at the critical level l * and hence considered as a minimizing sequence associated to the variational problem (2.8). Then by Lemma 2.5, there exists a u 0 ∈ W m,2 0 (Ω) such that up to a subsequence u k ⇀ u 0 weakly in W m,2 0 (Ω) as k → ∞. First we claim that u 0 is non-trivial. So if u 0 ≡ 0 then using Lemma 2.5, we infer that
Therefore lim k→∞ J (u k ) = 1 2 lim k→∞ M( u k 2 ) = l * and then for large enough k Theorem
gives
Then by monotonicity of M, we obtain
Now, this implies that we can choose a q > 2n 2n−(2α+µ) such that sup k Ω |f (x, u k )| q dx < +∞. Using Proposition 1.3, Theorem 1.1 and the Vitali's convergence theorem we conclude that
Hence lim k→∞ J ′ (u k ), u k = 0 which gives lim k→∞ M ( u k 2 ) u k 2 = 0. From (m1) we then obtain lim k→∞ u k 2 = 0. Thus using Lemma 2.5, it must be that lim k→∞ J (u k ) = 0 = l * which contradicts l * > 0. Thus u 0 ≡ 0. Now we show that u 0 ≥ 0 in Ω. From Lemma 2.2 we know that {u k } must be bounded. Therefore there exists a constant ρ > 0 such that up to a subsequence u k → ρ as k → ∞. Let ϕ ∈ W m,2 0 (Ω) then by Lemma 2.4 we have
Since J ′ (u k ) → 0 and u k ⇀ u 0 weakly in W m,2 0 (Ω), we get
as k → ∞. In particular, taking ϕ = u − 0 in the above equation we get M (ρ 2 ) u − 0 2 = 0 which implies together with assumption (m1) that u − 0 = 0 a.e. in Ω. Therefore u 0 ≥ 0 a.e. in Ω.
Claim (1):
Since (h3) gives that
we can choose t > 0 sufficiently small so that J ′ (tu 0 ), u 0 > 0. Thus there exists a t * ∈ (0, 1) such that J ′ (t * u 0 ), u 0 = 0 i.e. t * u 0 ∈ N . So using Lemma 2.6 and (m3) ′ we get
This gives a contradiction and hence Claim (1) holds.
Claim (2): J (u 0 ) = l * . From Lemma 2.5 we know that
and by using the weakly lower semicontinuity of norms in lim k→∞ J (u k ) = l * , we obtain J (u 0 ) ≤ l * . If J (u 0 ) < l * then it must be lim k→∞ M( u k 2 ) > M( u 0 2 ) which implies that lim k→∞ u k 2 > u 0 2 , since M is continuous and increasing. From this we get ρ 2 > u 0 2 .
Moreover we have
Now we define the sequence v k = u k u k and v 0 = u 0 ρ such that v k ⇀ v 0 weakly in W m,2 0 (Ω) and v 0 < 1. Then from Lemma 2.7 we obtain
.
Also from (m3) ′ , Claim (1) and proof of Lemma 2.6 we obtain
Using this with (2.18) and Theorem 2.3 we get that
which implies together with (m1) that
Thus it is possible to find a ρ * > 0 such that for k ∈ N large enough
Then we choose a q > 1 but close to 1 such that
Therefore from (2.19) we conclude that
for some constant C > 0. Using (2.20) and ideas similar as in Lemma 2.5 we obtain
We conclude that u k → u 0 and we get a contradiction to the fact that J (u 0 ) < l * . Hence J (u 0 ) = l * = lim k→∞ J (u k ) and u k → ρ implies ρ = u 0 . Then finally we have,
for all ϕ ∈ W m,2 0 (Ω) and which completes the proof of Theorem 1.5.
The problem (P λ,M )
In this section, we consider the problem (P λ,M ) with Kirchhoff non-linearity of the form
We observe that J λ,M (defined in Section 1) is unbounded on W m,2 0 (Ω) but bounded below on suitable subsets of W m,2 0 (Ω). To show the existence of weak solutions to (P λ,M ), we establish the existence of minimizers of J λ,M under the natural constraint of the Nehari Manifold which contains every solution of (P λ,M ). So we define the Nehari manifold as
where . , . denotes the duality between W m,2 0 (Ω) and W −m,2 (Ω) i.e. u ∈ N λ,M if and only if
For u ∈ W m,2 0 (Ω), we define the fiber map Φ u,M introduced by Drabek and Pohozaev in [10] 
Since the fiber map introduced above are closely related to Nehari manifold by the relation tu ∈ N λ,M iff Φ ′ u,M (t) = 0, so we analyze the geometry of the energy functional on the following components of the Nehari Manifold:
Due to presence of sign changing non-linearity in (P λ,M ), we also decompose W m,2 0 (Ω) into the following sets to study the behavior of fibering maps Φ u,M . We define H(u) = Ω h(x)|u| q+1 dx and
Fiber Map Analysis
In this section, we study the geometry of J λ,M on the Nehari manifold. We split the study according to the decomposition of N λ,M and the sign of H(u). Define ψ :
Due to the presence of exponential non-linearity, for large t we have ψ ′ u (t) < 0 and since u ∈ H − 0 , there exists a unique t * > 0 such that ψ u (t * ) = λ Ω h(x)|u| q+1 dx, i.e. t * u ∈ N λ,M . Suppose there exists an another point t 1 (t * < t 1 ) such that ψ u (t 1 ) = λ Ω h(x)|u| q+1 ≤ 0, i.e.
and ψ ′ u (t 1 ) ≥ 0. Then from (3.3) and by using f ′ (t 1 u)t 1 u > (p + 1)f (t 1 u), f (t)t ≥ (p + 2)F (t) we obtain,
is increasing in (0, t * ) and also decreasing on (t * , ∞). Therefore t * is unique critical point of Φ u,M which is also a point of global maximum. Furthermore, since
Case 2: u ∈ H + In this case, we establish that there exists a λ 0 > 0 and a t * > 0 such that for λ ∈ (0, λ 0 ), Φ u has exactly two critical points t 1 (u) and t 2 (u) such that t 1 (u) < t * (u) < t 2 (u) where t 1 (u) is local minimum point and t 2 (u) is local maximum point. To prove this, we require further analysis and a priori estimates.
Preliminary Results for Case-2
For small t > 0, ψ u (t) > 0 and ψ u (t) → −∞ as t → ∞ for u ∈ H + . Then there exists at least one point t * such that ψ ′ u (t * ) = 0, i.e.
So by AM-GM inequality we obtain 2
Using ψ ′ u (t * ) = 0, we replace the value of a t * u 4 in the definition of ψ u (t) to obtain
Then there exists a λ 0 > 0 such that for every λ ∈ (0, λ 0 ), Γ 0 > 0 holds where
Proof. We establish the proof through various steps.
Step 1: Claim: inf u∈Γ\{0}∩H + u > 0. We argue with contradiction, suppose there exists a sequence {u k } ⊂ Γ\{0} ∩ H + such that u k → 0. Then using Proposition 1.3 and putting the value of f (u) = u|u| p exp(|u| γ ) as well as f ′ (u) = ((p + 1) + γ|u| γ )|u| p exp(|u| γ ) we obtain
, where C 1 , C 2 are positive constants independent of u k . Now (p + 2)F (t) ≤ tf (t) and Hölder's inequality implies that
where δ > 1 (which depends on k) and δ ′ denotes its Hölder conjugate. Using Moser-Trudinger inequality for u k with large enough k such that
Finally the Sobolev embedding gives the following upper bound.
, which is a contradiction as u k → 0 as k → ∞. Therefore we have inf u∈Γ\{0}∩H + u > 0.
Step 2:
Since F (s) ≤ f (s)s p+2 , then by the definition of Γ and from Step 1, we obtain 0
Since p > 2, we infer
Step 3: Claim: Γ 0 > 0. Firstly, we have
where l = h L ρ (Ω) and ρ > 1 will be specified later. Choosing
Therefore Γ 0 > 0.
Next we move on the proof of the claim made in Case 2. From Lemma 3.1 and (3.4), we notice that for u ∈ H + \{0}, there exists a t * > 0, local maximum of ψ u verifying ψ u (t * )−λH(u) > 0 since t * u ∈ Γ \ {0} ∩ H + . From ψ u (0) = 0, ψ u (t * ) > λH(u) > 0 and lim t→∞ ψ u (t) = −∞,
λ,M and t 2 u ∈ N − λ,M are unique. Suppose not, then there exists t 3 > 0 such that t 3 u ∈ N + λ,M and t * * such that t 2 < t * * < t 3 , ψ ′ u (t * * ) = 0 and ψ u (t * * ) < λH(u). Our Lemma 3.1 then induces that if ψ ′ u (t * * ) = 0 then ψ u (t * * ) > λH(u) which is a contradiction. We will denote t * as the smallest critical point of ψ u in the sequel. Proof. Let u ∈ H + , then from the fibering map analysis we know that there exists a t 1 (u) > 0 such that
Using Φ ′ u,M (t 1 ) = 0, we get that
In that case, by (3.9) we obtain,
Since 1 + q − 2p < 0 therefore θ ≤ inf u∈N + λ,M ∩H + J λ,M (u) ≤ −C 0 < 0. Using Theorem 3.3 and Ekeland variational principle, we know that there exists a sequence
(3.10)
Then by (3.10) and Lemma 3.4, we have for large k,
Also since u k ∈ N λ,M we have
This together with (3.11) gives
H(u k ) > C > 0, for large k and u k ∈ N λ,M ∩ H + . for all w ∈ W m,2 0 (Ω). Moreover
Then G u (1, 0) = Φ ′ u (1) = 0 and where R(u) and S(u) are as in lemma 3.6.
Now we prove the following result. Proof.
Step 1: lim inf k→∞ u k > 0. We know that {u k } satisfies (3.12) for large k, thus H(u k ) ≥ C > 0 for large k. So by using Hölder inequality we obtain C < H(u k ) ≤ C 1 u k q+1 .
Step 2: We claim that lim inf .10)). Then by Theorem 3.3 we obtain {u k } is a bounded sequence in W m,2 0 (Ω). Also there exists a subsequence of {u k } (denoted by same sequence) and u λ such that u k ⇀ u λ weakly in W m,2 0 (Ω), u k → u λ strongly in L r (Ω) for r ≥ 1 and u k → u λ a.e. in Ω as k → ∞. Then using f (t) ≤ C ǫ,γ exp(ǫt 2 ) for ǫ > 0 small enough and Theorem 1.1 with n = 2m, we obtain that f (u k ) and F (u k ) are uniformly bounded in L q (Ω) for all q > 1. Then by Proposition 1.3 and Vitali's convergence theorem, we obtain Using (3.12), we have Ω h(x)|u λ | q+1 > 0. Then there exists a t 1 (u λ ) > 0 such that t 1 (u λ )u λ ∈ N + λ,M . We now claim that t 1 (u λ ) = 1 i.e. u λ ∈ N + λ,M . Suppose not then t 2 (u λ ) = 1 and u λ ∈ N − λ,M . Now J λ,M (t 1 (u λ )u λ ) < J λ,M (u λ ) ≤ θ which yields a contradiction, since t 1 (u λ )u λ ∈ N λ,M . The proof for u λ being a local minimum for J λ,M in W m,2 0 (Ω) follows exactly as the proof of Theorem 4.12 in [5] . 
